Abstract. For a group G, let U be the group of units of the integral group ring ZG. The group G is said to have the normalizer property if N U ðGÞ ¼ ZðUÞG. It is shown that Blackburn groups have the normalizer property. These are the groups which have non-normal finite subgroups, with the intersection of all of them being non-trivial. Groups G for which classpreserving automorphisms are inner automorphisms, Out c ðGÞ ¼ 1, have the normalizer property. Recently, Herman and Li have shown that Out c ðGÞ ¼ 1 for a finite Blackburn group G. We show that Out c ðGÞ ¼ 1 for the members G of certain classes of metabelian groups, from which the Herman-Li result follows.
Introduction
A group G is said to have the normalizer property if N U ðGÞ ¼ ZðUÞG, where U denotes the group of units of the integral group ring ZG, ZðUÞ denotes the center of U and N U ðGÞ is the normalizer of G in U. Informally speaking, this means that G is normalized only by units of U which obviously do so. Sometimes this definition is slightly tightened to incorporate G-adapted coe‰cient rings: these are integral domains of characteristic zero in which a rational prime p is not invertible whenever G has an element of order p. Throughout, we let R denote a G-adapted ring, write U for the group of units of RG, and if N U ðGÞ ¼ ZðUÞG, we say that G has the normalizer property. For classes of groups which are known to have the normalizer property, we refer the reader to [6] (and references therein).
The normalizer N U ðGÞ appears, among other things, in the study of the group Z y ðUÞ of hypercentral units of U, defined by Z y ðUÞ ¼ 6 y n¼1 Z n ðUÞ, where Z n ðUÞ denotes the nth term of the upper central series of U. The question whether in general Z y ðUÞ c N U ðGÞ was finally answered in the a‰rmative in [8] . As a consequence of the present work we obtain that Z y ðUÞ c ZðUÞG. We remark that this is known to hold for G torsion-free [6, Corollary 4.3] , and for groups G whose finite subgroups are all normal [6, Corollary 4.12] . If G has finite non-normal subgroups, then, following Blackburn [2] , we denote by RðGÞ the intersection of all of them and say that RðGÞ is defined. Now, if RðGÞ is defined and RðGÞ ¼ 1, then Z y ðUÞ ¼ ZðUÞ by [6, Propositions 4.1 and 4.5] . It remains to consider the Blackburn groups, i.e., the groups G for which RðGÞ is defined and non-trivial. Here, it is shown that Blackburn groups have the normalizer property.
We write Aut c ðGÞ for the group of class-preserving automorphisms of G, and set Out c ðGÞ ¼ Aut c ðGÞ=InnðGÞ. Any u in N U ðGÞ gives rise-via conjugation-to a class-preserving automorphism of G (see [6, Proposition 2.6] ). Thus Out c ðGÞ ¼ 1 is a su‰cient condition for G to have the normalizer property. In practice, this has proven to be a valuable criterion. We must point out, however, that we do not know whether class-preserving automorphisms of infinite Blackburn groups are inner automorphisms.
The finite Blackburn groups were classified in [2] . Li, Sehgal and Parmenter [9, Theorem 1] have shown by inspection that the finite Blackburn groups have the normalizer property. In fact, Out c ðGÞ ¼ 1 for a finite Blackburn group G. Herman and Li noted that the proof given in [5, 22.4 Proposition] contains a gap, and completed the proof in [3] (Lemma 2.8 below also fixes the gap).
In Section 2, we record that class-preserving automorphisms of finite abelian-bycyclic groups are inner automorphisms (see Proposition 2.7). Together with an ad hoc observation (Lemma 2.8), the last-mentioned result again follows.
In Section 3, results from [6, §3] are applied to show that infinite Blackburn groups have the normalizer property (Theorem 3.3). In the proof, an essential feature will be that the structure of the finite normal subgroups of Blackburn groups is known since these are either Dedekind groups or again Blackburn groups.
Finally, let us recall Blackburn's classification [2] . By [2, Theorem 1], a finite p-group G which is a Blackburn group is a 2-group, and either a Q-group or of the form Q 8 Â C 4 Â E 2 or Q 8 Â Q 8 Â E 2 , where Q 8 is the quaternion group, E 2 is an elementary abelian 2-group and C n denotes the cyclic group of order n. (A group G is called a Q-group if G has an abelian subgroup A of index 2 which is not elementary abelian, and G ¼ hA; bi for some b A G of order 4 with x b ¼ x À1 for all x A A.) A finite Blackburn group which is not a p-group belongs to one of five classes which are listed in [2, Theorem 2] . In particular, such a group is the direct product of groups which are abelian or possess an abelian normal subgroup with factor group cyclic or isomorphic to Klein's four group.
On class-preserving automorphisms
In this section, only finite groups are considered. We present classes of metabelian groups for which class-preserving automorphisms are inner automorphisms, and conclude by showing that the finite Blackburn groups belong to them.
We first prove that class-preserving automorphisms of finite abelian-by-cyclic groups are inner automorphisms. For the class of metacyclic groups, this is an elementary exercise. Also, the following example, used in the proof of Lemma 2.8, is easily verified (see [6, Example 3.1] ). Example 2.1. A group G with an abelian subgroup of index 2 satisfies Out c ðGÞ ¼ 1.
Our proof will be based on the following lemma, which is of interest in its own right.
Lemma 2.2. Let G be a finite abelian p-group, and let a and b be automorphisms of G of p-power order. Assume that ab ¼ ba and that for each g A G, there is n A N such that gb ¼ ga n . Then b is a power of a.
Proof. Assume that G is a counter-example, with the order of the semidirect product Ghai being minimal. Let Z be a central subgroup of order p in Ghai which is contained in G. Then b centralizes Z. Thus a and b induce automorphisms a and b of G ¼ G=Z, and b is a power of a by minimality of Ghai. Hence we can assume that b is the identity. Then the map G ! Z, defined by g 7 ! g À1 ðgbÞ, is a surjective homomorphism, with kernel K of index p. Clearly K ¼ C G ðbÞ and a fixes K since a and b commute. For all g A G, there is nðgÞ A N such that gb ¼ ga nðgÞ . Choose h A GnK such that a nðhÞ is of maximal order among the a nðgÞ , g A GnK. So a nðkhÞ is not the identity and ka nðkhÞ A kZ. Thus if a q is a power of a having order p, then a q induces the identity on G=Z. As above, it follows that H :¼ C G ða q Þ is an a-invariant subgroup of G of index p. Also, H is fixed by b since b commutes with a. Thus by minimality of Ghai, the automorphism b agrees on H with some power a l of a. Suppose that h B H. Then h 0 ha q ¼ z q h, so p F q and a has order p. Consequently H ¼ C G ðaÞ c C G ðbÞ ¼ K, so G ¼ hh; Hi and b ¼ a, contradicting our assumption that G is a counter-example. Thus h A H. It follows that zh ¼ hb ¼ ha l , and ha l i ¼ hai since h is a fixed point under a p . Since b induces the identity on K, it follows that a l , and hence also a, induces the identity on H V K. Take any k A KnH. Since H V K is of index p 2 in G, it follows that G ¼ hh; k; H V Ki. Since a induces the identity on G=H (a quotient of order p) and K is a-invariant, we have ka ¼ xk for some x A H V K, and x 0 1 since a 0 b. Let x m be a power of x having order p. In the above lemma, the assumption that G is abelian is necessary. In fact, the proof lends itself to the construction of adequate examples. Such examples yield p-groups with non-inner, class-preserving automorphisms.
Example 2.3. For an odd prime p, we construct a group G of order p pþ2 which has automorphisms a and b satisfying the assumptions, but not the conclusion of the above lemma (for p ¼ 2, see [5, 14.3 Remark] ). First, we have to exhibit a certain kind of group K which cannot appear in the above (abelian group) setting. Let
ZÞ:
Thus k is an invertible ð p À 1Þ Â ðp À 1Þ matrix (of order p 2 ) over Z=p 2 Z, which acts on
as an automorphism of order p, and has the property that að1 [7, III.10 .15]). For completeness, we give the argument: The integer polynomials by the established congruence. Note that ðk À 1Þ pÀ1 is Àp times the identity matrix. Altogether, we obtain
From this, it is obvious that k acts as an automorphism of order p on A. We are ready to present the group construction. Let k be an (abstract) generator of a cyclic group of order p, and form the semidirect product K ¼ Ahki, with k acting on A via k. Let x be a generator of the first factor of A, and set z ¼ x p , a central element of order p in K. By the mentioned property of k (with a ¼ x), the element xk has order p, so that an automorphism a of K is defined by prescribing that a fixes A point-wise, and ka ¼ xk.
Now let h be another (abstract) generator of a cyclic group of order p, and set G ¼ K Â hhi. Extend a to an automorphism of G by setting ha ¼ zh. Let b be the automorphism of G which fixes K point-wise, and sends h to zh. Certainly, a has order p 2 , b has order p, and the two automorphisms commute. Note that
with 1 c i; j c p À 1, and gb ¼ ga ps for s A N with is 1 j mod p. However, b is not a power of a.
It readily follows that the automorphism of the semidirect product Ghai which fixes a and agrees on G with b is a non-inner, class-preserving automorphism.
We shall need the following well-known lemma for which we were unable to find a suitable reference in the literature. Remark 2.5. Let s be a class-preserving automorphism of G of order a power of p, and let g A InnðGÞ. Then ðgsÞ r , where r denotes the p 0 -part of the order of gs, is again a class-preserving automorphism of G of p-power order which is a non-inner automorphism if and only if s is a non-inner automorphism (since hs r i ¼ hsi and ðgsÞ r and s r di¤er only by an inner automorphism). Thus if one wishes to show that such a s is an inner automorphism, and U is a subset of G which is conjugate to Us in G, one can assume in addition that U ¼ Us.
Now we are in a position to prove: Proposition 2.6. Let G be a finite group having an abelian normal subgroup A such that the quotient G=A has a normal cyclic Sylow p-subgroup, for some prime p. Then each class-preserving automorphism of G of p-power order is an inner automorphism.
Proof. Let s be a class-preserving automorphism of G of p-
Let y be a generator of C hxi ðt 0 Þ, and let d be the inner automorphism given by conjugation with y. For each s A S there is nðsÞ A N such that
meaning that g nðsÞ A hdi and ss ¼ sd mðsÞ for some mðsÞ A N. As before one sees that sj S commutes with d. Thus sj S is a power of d by Lemma 2.2, and we can modify s according to Lemma 2.4 such that the new s fixes A element-wise. Clearly xs ¼ x s for some s A S since xs A P, and then s is the inner automorphism given by conjugation with s. r From this we obtain at once: Proposition 2.7. Let G be a finite group having an abelian normal subgroup A with cyclic quotient G=A. Then class-preserving automorphisms of G are inner automorphisms.
Proof. Let s be a class-preserving automorphism of G of p-power order, for some prime p; we have to show that s is an inner automorphism. By [4, Corollary 5] we can assume that p divides the order of G=A, and then Proposition 2.6 applies. r
In preparation for the final result we record:
Lemma 2.8. Suppose that a finite group G is a semidirect product of an abelian group A and a generalized quaternion group Q, and that each element of Q acts on A by raising each element to some fixed power. Suppose further that a Sylow 2-subgroup of G has an abelian subgroup of index 2. Then Out c ðGÞ ¼ 1.
Proof. Let s A Aut c ðGÞ. We shall show that s A InnðGÞ by induction on the order of G. By Sylow's theorem, we can assume that Ss ¼ S for a Sylow 2-subgroup S of G containing Q. Then s induces a class-preserving automorphism of S since S can be viewed as a homomorphic image of G. Thus, by Example 2.1, we can assume that s fixes S element-wise. Since the conjugation action of Q on A leaves each cyclic subgroup invariant, and the automorphism group of a cyclic group is abelian, the commutator subgroup Q 0 centralizes A. Suppose that A ¼ M Â N with non-trivial normal subgroups M and N of G. Then we can assume inductively that s induces an inner automorphism of G=N, say conjugation with Ng (some g A G). Write g ¼ xa with x A Q and a A A. Then for any y A Q, since Q c S and s fixes S element-wise, we have Ay ¼ Að ysÞ ¼ Ay xa ¼ Ay and y ¼ ys ¼ y x . The latter implies that hx; yi is a proper subgroup of Q, so x A Q 0 U Q 0 y and as ¼ a x ¼ a. Again, we have shown that s is the identity, and the proof is complete. r Now we can go through Blackburn's list to obtain: Proposition 2.9. A class-preserving automorphism of a finite Blackburn group is an inner automorphism.
Proof. Note that a class-preserving automorphism stabilizes every normal subgroup, and that Aut c ðÀÞ commutes with taking direct products.
Let G be a finite Blackburn group. If G is a p-group, then G contains an abelian subgroup of index 2. Hence, the statement follows from Example 2.1 (it is possible to give a more direct proof ).
Suppose that G is not of prime-power order. Then G belongs to one of the classes (a)-(e) described in [2, Theorem 2]. If G is of type (a) or (d), then G is abelian-bycyclic and Proposition 2.7 applies (of course, one can argue more directly). The groups of type (b) or (e) are now recognized as direct products of groups which have only inner class-preserving automorphisms. Thus it remains to deal with G of type (c), but such a group G is of the form described in Lemma 2.8 (note that the groups of type (a) have an abelian Sylow p-subgroup), so we are done. r
Blackburn groups have the normalizer property
From now on, G will denote a Blackburn group, so RðGÞ is defined and RðGÞ 0 1. It is easily seen that RðGÞ is a cyclic p-group for some prime p (see [5, 22. 1 Lemma] for a proof ). Note that if a finite subgroup S of G is not a Dedekind group, then RðGÞ c RðSÞ; in particular, RðSÞ 0 1. The following observation was also stated in [6, Lemma 4.10] . For completeness sake we include the proof.
Lemma 3.1. Suppose that G has a finite non-normal subgroup, and that RðGÞ is a nontrivial cyclic p-group. Let q be a prime di¤erent from p. Then the set T q of q-elements of G forms a normal q-subgroup of G, all of whose subgroups are normal in G. (In particular, T q for odd q is an abelian q-group.)
Proof. Let x and y be q-elements in G. Then hxi is normal in G since otherwise we would have RðGÞ ¼ 1. Thus xy is also a q-element, and it follows that T q is a group. If a subgroup of T q is non-normal in G, then T q also contains a finite cyclic subgroup which is non-normal in G, which again contradicts RðGÞ 0 1. That T q for odd q is abelian holds by the classification of Dedekind groups. r
We shall use the following information on finite normal subgroups of G. Rather than deducing it from Blackburn's list [2] , we extract the proof directly from Blackburn's work. Proof. For a prime q di¤erent from p, a Sylow q-subgroup of N is a normal subgroup of N by Lemma 3.1. So N has a normal p-complement H. Furthermore, all subgroups of H are normal in G and thus H is a Dedekind group. If N is a Dedekind group, then (a) holds. Hence we can assume that RðNÞ 0 1, i.e., N is a finite Blackburn group with RðGÞ c RðNÞ and RðNÞ is a cyclic p-group. Let S be a Sylow p-subgroup of N.
Assume that S is not a Dedekind group. Then RðGÞ c RðSÞ. Thus, S is a Blackburn group and a p-group. So p ¼ 2. If S is of the form Q 8 Â C 4 Â E 2 or Q 8 Â Q 8 Â E 2 (where E 2 is an elementary abelian 2-group), then S is generated by certain subgroups, none of which contains RðSÞ. Since jRðSÞj ¼ 2, we get that RðSÞ ¼ RðGÞ. Hence, the mentioned subgroups generating S are all normal in G. So S is normal in G, and (a) holds. If S is a Q-group (possibly a non-abelian Dedekind group), then ZðSÞ is elementary abelian, and (b) holds since elements of S of order 2 are contained in the center of N as RðNÞ 0 1. If S is a non-abelian Dedekind group then the last argument also yields that (b) holds. Hence, we are left to deal with S an abelian group. Suppose that G has a finite non-normal subgroup, and that RðGÞ is nontrivial. Then G has the normalizer property, N U ðGÞ ¼ ZðUÞG.
Proof. We already noted that RðGÞ is a cyclic p-group for some prime p. For any u A N U ðGÞ, there exists a finite normal subgroup N of G such that ug À1 A RN for all g A suppðuÞ, by [8, Theorem 1.4] . Hence, it is enough to consider an element u in N U ðGÞ which is contained in RN for some finite normal subgroup N of G.
If N is a Dedekind group, then u A ZðRNÞN since class-preserving automorphisms of Dedekind groups are inner automorphisms (cf. Example 2.1). If N is not a Dedekind group, then RðNÞ 0 1, and u A ZðRNÞN by Proposition 2.9. Thus we can assume that u A ZðRNÞ. Let s be the automorphism of G given by conjugation with u; we have to show that s is an inner automorphism.
Note that s is of finite order. By Lemma 3.1, any finite normal subgroup of G has a normal Sylow q-subgroup for all primes q distinct from p. Thus by [6, Corollary 3.4], we can assume that s is of order a power of p.
If ZðS 0 Þ c O p ðNÞ for a Sylow p-subgroup S 0 of N, then there is n A N such that un À1 A ZðUÞ, by [6, Lemma 3.2] . Note that this condition is trivially satisfied if N is nilpotent. Hence we can assume that N has the structure described in case (c) of Claim 3.2; we proceed to choose a suitable Sylow p-subgroup S of N.
The group G acts on suppðuÞ via n 7 ! g g À1 ng u for n A suppðuÞ and g A G (see [6, Lemma 2.1]). Note that C G ðNÞ lies in the kernel of this action. Choose a subgroup P of G containing C G ðNÞ such that P=C G ðNÞ is a Sylow p-subgroup of the (finite) group G=C G ðNÞ. By the Ward-Coleman lemma (see [6, Lemma 2.9]), there is a A suppðuÞ c N such that ½P; ua À1 ¼ 1. Since u is of p-power order over the center of U, and ½u; a ¼ 1, there is an element b in hai of p-power order such that ½P; ub À1 ¼ 1. Let S 0 be a Sylow p-subgroup of N. Then there exists a fixed point under the multiplication action of S 0 on the set of left cosets of P in G, say gP. So S :¼ S g 0 c P V N and ½S; b À1 ¼ ½S; ub À1 c ½P; ub À1 ¼ 1. It follows that S is a Sylow p-subgroup of N containing b. In particular, b A P, and as ½P; ub À1 ¼ 1, the automorphism s, which is conjugation with u, fixes P on which it is the inner automorphism given by conjugation with b.
As in Claim 3.2(c), let H be the normal p-complement of N, and write S ¼ hxi Â T, where x A S is such that ½x; H 0 1, and T c O p ðNÞ. Then b A hxit for some t A T. Set c ¼ bt
A ZðRNÞ, and let t be the automorphism of G which is given by conjugation with v. This modified automorphism t is still of order a power of p. Also, t fixes P, on which it is the inner automorphism given by conjugation with c.
Let g A G. Then g À1 ðgtÞ A ½g; G since t is a class-preserving automorphism of G. Since G acts as an abelian group on H (each cyclic subgroup of H being normal in G since H V RðGÞ ¼ 1), it follows that
Since t is of p-power order and fixes N element-wise, we even have gt A gO p ðNÞ. Thus t induces the identity on both O p ðNÞ and G=O p ðNÞ. All this suggests the use of a 1-cohomology argument. For the moment, let A ¼ O p ðNÞ. Note that A is abelian as S is abelian, according to Claim 3.2(c). It is well known (see, for example, [10, Chapter 2, (8.7)]) that the group of automorphisms of G inducing the identity on both A and G=A is isomorphic to the group of 1-cocycles Z 1 ðG=A; AÞ, with the subgroup formed by the inner automorphisms given by conjugation with elements of A corresponding to the subgroup B 1 ðG=A; AÞ of 1-coboundaries. That this isomorphism is 'compatible' with restrictions will be used as follows. By construction, if t corresponds to the 1-cocycle d : G=A ! A, then its restriction tj P (an automorphism of P) corresponds to the 1-cocycle obtained by restricting d to P=A. Now, since P is of finite p 0 -index in G, and A is a p-group, restriction-corestriction in 1-cohomology (see [10, Theorem 7 .26]) shows that restriction induces an injection H 1 ðG=A; AÞ ,! H 1 ðP=A; AÞ on 1-cohomology. It follows that t is an inner automorphism if tj P is an inner automorphism given by conjugation with an element of A.
After this consideration, c A O p ðNÞ would yield that t (and hence also s) is given by conjugation with some element of O p ðNÞ. Thus assume that c B O p ðNÞ. We will show that ½P; c ¼ 1, i.e., that t induces the identity on P. Then again, t is given by conjugation with some element of O p ðNÞ, and we are done. Suppose, by way of contradiction, that there is y A P such that d ¼ y À1 ð ytÞ ¼ ½y; c 0 1. This will be used to gain additional information on the element v.
Since v A N U ðGÞ, we know (see again [6, Lemma 2.1]) that G acts on suppðvÞ via n 7 ! g g À1 ng v , for n A suppðvÞ and g A G, and elements of an orbit under this action have the same coe‰cient in v (viewed as an R-linear combination of elements of N). The group h yi acts via n 7 ! y n y Á y À1 ðytÞ ¼ n y d. As v A ZðRNÞ, the group N acts just by conjugation.
According to Claim 3.2(c), the subgroup hxi acts on the nilpotent group H, and C hxi ðHÞ c O p ðNÞ. Since the lattice of subgroups of hxi is linearly ordered, it follows that there is a Sylow subgroup Q of H such that C hxi ðQÞ c O p ðNÞ, that is, if some power of x centralizes Q, it centralizes all other Sylow subgroups of H. Recall that all cyclic subgroups of Q are normal in N. If x is of odd order, then x centralizes the Sylow 2-subgroup of H since the automorphism group of a cyclic 2-group is a 2-group. As ½x; H 0 1, it follows that Q is of odd order, and therefore abelian as it is a Dedekind group. It follows that x acts on Q by raising all elements of Q to some fixed power, and C Q ðx i Þ ¼ 1 for any power x i of x which is not contained in O p ðNÞ. So if n A N is not contained in HO p ðNÞ, then ½n; Q 0 1 and C Q ðnÞ ¼ 1.
For an element n in N, let C n denote its class sum in ZN, i.e., the sum of its N-conjugates in ZN. Note that v is an R-linear combination of such class sums. For a finite subset X of G we shall writeX X for the sum of the elements of X in RG, and we abbreviated d ¼ d hdi hdi. Note that if C Q ðnÞ ¼ 1, then n Q ¼ Qn, and the same holds for any other Nconjugate of n. Thus C n AQ QðZNÞ for all elements n in N not contained in HO p ðNÞ.
We record further facts for later use. First, C hxi ðHÞ c hc p i as c A hxi and c B O p ðNÞ. Next, note that hxi, acting non-trivially on H, is not normal in G. So RðGÞ c hxi. Since T V hxi ¼ 1, it follows that each subgroup of T is normal in G. Also note that d ¼ y À1 ðytÞ A O p ðNÞ as t induces the identity on G=O p ðNÞ. We shall distinguish two cases, according to whether d lies in T or not. First, suppose that d A T, and, moreover, that
that is, ½c p ; y ¼ 1. Since C hxi ðHÞ c hc p i, it follows that ½T; y ¼ 1 by Recall that if some n A suppðvÞ is not contained in HO p ðNÞ, then its class sum C n , which is the sum of the elements of its orbit under the action of N, lies inQ QðZNÞ, and thereforeĤ HC n A jQjĤ HðZSÞ. It follows thatĤ Hv ¼ jQjĤ Ha þĤ Hbd d for some a; b A RS. Let p : RN ! RN=H denote the natural map. ThenĤ Hvp ¼ jHjðvpÞ. Identifying N=H with S, we haveĤ Hvp ¼ jHjðjQja þ bd dÞ. Thus jQja þ bd d, as the image of v under p, is a unit in RS. It follows that jQj is a unit in the quotient RS=d dRS of RS. So jQjg A 1 þd dRS for some g A RS, and thus jQjðd À 1Þg ¼ d À 1. But, as R is G-adapted, the coe‰cients G1 of d À 1 are not divisible by jQj in R. This yields a contradiction in case d p ¼ 1 (and d A T, of course). Now if d A T, but d p 0 1, set G ¼ G=hd p i. Then all the properties listed in Claim 3.2(c) for G, H, S, T and hxi obviously carry over to corresponding properties for their images in G. Thus this situation is reduced to the previous case, resulting again in a contradiction.
Second, suppose that d B T. To handle this case, we start by remarking that it derives from the normal subgroup structure of N that ðx i Þ g A hx i iTH for all g A G and i A N. Since c A hxi and c y ¼ cd À1 A cO p ðNÞ, it follows that c y A cO p ðNÞ V hciTH c hciT. Also P=C G ðNÞ is a p-group, so y acts on hciT as an automorphism of order a power of p. Since d B T, it follows that y acts nontrivially on hciT=T, and h½ y; c p iT=T is a proper subgroup of h½y; ciT=T (an easily verified general fact for the action of a cyclic p-group on another cyclic p-group). Thus d ¼ ½y; c B h½y; c p iT ¼ ½y; hc p iT. Set L ¼ ½y; O p ðNÞT. Since T is a normal subgroup of G, the starting remark shows that L is a normal subgroup of G. We noticed above that C hxi ðHÞ c hc p i, so O p ðNÞ c hc p iT and L c ½y; hc p iT T ¼ ½y; hc p iT. Consequently, d B L. Set G ¼ G=L. On elements of suppðvÞ of the form hk with h A H and k A O p ðNÞ, the above action of y is given by hk 7 ! y h y k½k; yd, and h y k½k; yd ¼ h y kd. Writing o for the sum of the elements of the subgroup hdi of G, it follows as above thatĤ Hv ¼ jQjĤ Ha þĤ Hbo for some a; b A RS, and that jQja þ bo is a unit in RS. Hence jQj is a unit in the quotient RS=oðRSÞ of RS, leading to the same contradiction as in the first case. The proof of the theorem is complete. r
